The brake torque variation (BTV) generated due to geometric irregularities in the disc surface is generally accepted as the fundamental source of brake judder; geometric imperfections or waviness in a disc brake caliper system is often quantified as the disc thickness variation (DTV). Prior research has mainly focused on the vibration path(s) and receiver(s), though such approaches grossly simplify the source (frictional contact) dynamics and often ignore caliper dynamics. Reduction of the effective interfacial contact stiffness could theoretically reduce the friction-induced torque given a specific DTV, although this method would severely increase static compliance and fluid volume displacement. An experiment is designed to quantify the effect of disc-pad contact modifications within a floating caliper design on BTV as well as on static compliance. The major objective of this experiment is to determine if changes in the disc-pad contact geometry can also reduce BTV without limiting the static compliance of the caliper system. A conceptual half-caliper model is proposed to explain the observed effects of pad modifications. This simplified elastokinematic model uses the elastic center concept on a pad subject to spatially phased periodic displacement inputs (DTV) at the disc-pad interface. It is utilized to determine the effective variation in normal load. The model is finally employed to determine the sensitivity of key physical parameters and to identify trends that might reduce BTV.
INTRODUCTION
Brake judder is defined as the vibration at frequencies proportional to wheel speed (10-20 Hz) experienced by a driver during a high-speed braking event. The fundamental source of this vibration is believed to be the geometric irregularities on the disc surface (caused by a variety of mechanisms, such as manufacturing process effects, thermal expansion, wear, and misalignments). Disc surface distortions (say quantified by ξ(t) where t is time) cause variations in the normal load at the disc-pad interface and thereby produce variations in brake torque. Some well known causes, observed effects, and analysis methods are summarized by Jacobsson [1] in an extensive review of literature as of 2003. Much of the available literature focuses on the on-vehicle path modifications and on an attenuation of the observed effects at the driver's location. No prior study has explicitly examined the role of caliper dynamics.
Using a conventional brake dynamometer, judder is traditionally quantified in terms of BTV ( ) produced by a disc and caliper system during a braking event. Although DTV (ζ(t)) is typically required to produce judder, certain attributes of a disc and caliper system can significantly contribute to . Most mathematical or computational models for brake judder assume a uniform brake disc-pad contact surface [2, 3, 4] . However, a disc which possesses a wavy braking surface will create a non-uniform contact interface between it and the brake pad. This non-uniformity on the interfacial braking surface can affect heat distribution patterns on the disc surface as well as create a time-varying effective center of pressure [5] . Changes in the center of . Previous literature has focused on the sensitivity to stiffness distribution within the caliper system and some coupling with the hydraulic system [2, 3, 4] . These works suggest that judder sensitivity at the caliper can be reduced by decreasing the effective stiffness of the caliper system, a change which can adversely affect pedal feel. The prior work does not take into account the stiffness distribution from the leading to trailing edge of the contact interface in the disc-pad or pad-caliper interfaces during a braking event, which may uncover a means to reduce judder sensitivity at the caliper without augmenting caliper compliance. Effects of such leading-to-trailing stiffness distributions within the disc-pad and pad-caliper interfaces are well-known for high frequency brake squeal [6, 7] , but, to the best of our knowledge, it has not yet been viewed as a significant contributor to brake judder.
PROBLEM FORMULATION
The scope of this paper will be to examine the effect of discpad contact modifications on with respect to leading and trailing dimensions. The objectives of the study include the following: (i) design an experiment (different pad geometries examined on the same brake caliper and disc) to quantify the effect of disc-pad contact modification on ; (ii) propose a conceptual model to explain the effects of pad modifications in a floating caliper braking system on and validate the model with an experiment; and (iii) determine sensitivity to some elasto-kinematic parameters and identify trends that might reduce the source of .
In order to investigate the sensitivity of caliper designs relative to leading and trailing variations in disc-pad contact geometries, multiple cases of pads with different disc-pad contact interfaces (A ab ) are measured in a floating caliper braking system. The study is limited to symmetric leading-totrailing pad contact modifications to the disc-pad interface. Often these types of modifications are made to reduce brake squeal or mitigate pad wear. The pad-caliper interface itself is not modified. The different pad modification cases considered for this study are shown in Figure 1 and quantified in terms of an index r. For each pad set with the same pad material composition, is measured under the same representative on-brake conditions, with no resonant growth. The same disc with ζ(t) is employed. The measured ζ(t) is found to be approximately 20 μm peak-to-peak. The static compliance of the system is experimentally quantified (using load-deflection measurements) to understand variation in stiffness parameters due to the change loading interfaces within the caliper. 
SIMPLIFIED ELASTO-KINEMATIC MODEL
Each disc and caliper system is comprised of a disc-pad contact interface, as illustrated in Figure 2 where A ab represents the interface between the (rotating) disc and pad, and through which a point on the disc enters (leading edge) and then leaves (trailing edge) the caliper. Both inboard and outboard pads are assumed to have equivalent disc-pad contact properties, with a center of contact defined at an effective point R on the disc. The rotational speed of the disc is defined as Ω in revolutions per min (rpm).
Figure 2. Illustration of the disc-pad interface (A ab ) with leading and trailing edges.
The brake torque T developed at A ab subjected to the boundary conditions of the caliper is defined by both a mean torque and an alternating peak-to-peak torque component, given by
For the sake of simplicity, is assumed not to be varying with time, which is appropriate for the constant pressure braking events considered in this study.
The mean load (N) on the pad for the specific caliper under braking conditions with the trailing abutment of the pad loaded is represented in Figure 3 , where is the mean normal load at the disc-pad interface, is the mean hydraulic pressure applied by the caliper, A h is the effective hydraulic area of the caliper, µ is the coefficient of friction at A ab , µ 2 is the coefficient of friction at the contact point between the pad backing plate and caliper abutment, u is the distance from the effective mean hydraulic force on the pad to the loaded abutment, w is the distance from at the disc-pad interface to the loaded abutment, and z is the thickness of the friction material. For both pads under this loading, is given by (2) with constant µ and R. From this relationship, the mean load at the disc-pad interface is given by For the alternating case, the following simplified model is proposed in Figure 4 for a half-caliper. Here, the peak-topeak alternating normal load at the disc-pad interface is assumed to be alternating around a sufficiently high . The corresponding condition is given by (4) such that is not overcome, preventing the pad to slide at the pad-abutment interface. In this case, the pad-abutment interface may be assumed as a "pinned" support at point O, with a pad rotation about this support defined as θ. The distance from the leading and trailing edge of A ab to point O is given by a and b, respectively; and the distance from the leading and trailing edge of the pad-caliper interface (A cd ) to point O is given by c and d, respectively. For this formulation, a>b and c>d. The model assumes a phased displacement excitation amplitude, given by at the leading edge and at the trailing edge, and a compressive pad stiffness component k p , distributed equally between the leading and trailing edges of A ab . Based on an arc length along a circle, the phase shift of α radians is denoted as , where
The pad is assumed to be supported by the compressive caliper stiffness k c , distributed equally between the leading and trailing edges of A cd . According to equation (5) , this formulation assumes that the contact length of the A ab on the disc surface (a-b) with respect to R provides a reasonable approximation of phase between leading and trailing edges.
Based on observations from prior dynamic models of the caliper [2, 3, 4] , the common judder frequency input falls in the stiffness controlled region of caliper normal load dynamics. This suggests that elastic contact elements and their kinematic relationships are sufficient for estimating the dynamic behavior of the caliper system. Our model incorporates the leading and trailing edge effects of the system geometry as well as the center of pressure using the concept of an elastic center. The angular motion of the pad subjected to a general disc surface input ξ is given by
The normal load variation at A ab is given by
If
Here, k e can be interpreted as the effective dynamic stiffness of the caliper system. From , can be calculated as follows, similar to equation (2),
The condition in equation (4) can now be verified for a specific set of conditions. Under experimental conditions, and cannot easily be measured; however, and are easy to measure. In this case, the condition of equation (4) can be altered and then verified by
It is important to note the difference between the mean and alternating calculations of torque. Often, is reported as a function of mean pressure, such that substituting equation (3) into equation (2) yields
where µ e is defined as the effectiveness of the caliper system, given by
(13)
Equation (13) clearly shows that the observed effectiveness is not necessarily the same as the coefficient of friction µ at A ab , which is used in the calculation of .
In addition, it is important to note that our model can produce different levels of at the same values of k c and k p . The model assumes no interactions among parameters; however, in actual caliper systems, changes in geometry at the loading interfaces can feasibly change the interfacial loading distributions within the caliper and the effective k c .
EXPERIMENTAL STUDY AND MODEL VALIDATION
The dimensions of A ab and A cd critical for our model are shown in Figure 5 The stiffness values of the model are obtained using loaddeflection measurements, representative of an off-brake condition (no pad-abutment load path) at comparable mean loads as seen in the experiment described in Figure 6 . For k p , a static compression test is performed on the pad between two flat surfaces without squeal noise insulators (shims). This stiffness is essentially the compressive stiffness of the pad material. For k c , the caliper is loaded under static conditions and effective displacements of the caliper structure are measured at different locations over its surface; the effective measured stiffness is corrected for the contribution of k p . The value of k c is measured with pads and shims; therefore, it incorporates the contact stiffness effects of the shims and pad-caliper supports as well as the stiffness contributions of the hydraulic system and caliper structure. In general, k c ≪k p .
A brake-dynamometer-like laboratory experiment is used to measure changes in for the different pad contact modification cases. A schematic of the setup is given Figure  6 . The experiment is designed to provide a consistent mechanically governed braking condition for the different pad sets. The flywheel (approximately 15 kg-m 2 ) is accelerated to a constant rotational speed by an electric motor (not pictured), which is then mechanically decoupled from the system. The braking system is then applied at a constant hydraulic pressure (around 350 kPa) beginning at a rotational speed of 1050 rpm. The T(t) is measured for the same applied brake pressure for each setup and reported over the same angular speed range, between 1000 and 900 rpm (outside of the resonant growth regime of the torsional system). The temperature and surface profile of the disc are measured for each pad set to ensure the same conditions for each test. The modified pads are created by removing material from the surface of new pads to change A ab and thus avoid significantly affecting the flexural stiffness of the pad. The variation among the pad materials prior to modification is also measured but is found to be of the same order as the variation within each pad set test. Each pad set is run six times on the experimental setup. The condition given in equation (11) is confirmed for each test case. Results from the model predictions and experimental measurements for the different pad cases (r = 1, 2, 3) are compared in Table 1 . The model results assume the same k p and k c for each of the pad sets and the same µ and R. The model also uses two terms in the Fourier series approximation of ξ. Both experimental and model results are normalized to the average of (baseline pad set r = 1), given by (14) where the subscript r denotes the pad set.
Table 1. Experimental and model results in terms of normalized torque variations T* given by equation (14).
The 95% confidence intervals calculated for pad set measurements are reported to quantify the variation of this experiment including an inherent variability associated with braking systems. Measurements for the pad sets agree well with the model predictions, each falling within the 95% confidence interval for each pad set. In general, the results suggest that a reduction in A ab can reduce . The measured µ e is also dependent on the pad set (with r = 1 as the highest and r = 3 as the lowest). Nevertheless, each of these values of µ e falls within a reasonable range given by equation (13).
SENSITIVITY OF KEY PARAMETERS AND LIMITATIONS
The effective k c for the different pad sets used in this study is measured, as well as the effective volume displacement of hydraulic fluid under off-brake conditions. A maximum reduction in the effective stiffness corresponding to an increase in hydraulic fluid displacement with respect to a nominal state (pad set r = 1) is observed and quantified as about 20%. This reduction suggests an interaction of the contact geometry and k c , which can be attributed to the redistribution of interfacial forces within the caliper. However, the caliper load-deflection test repeatability for a given pad set is of the order of 20% as well. This variability can be attributed to a variation in the seating of the piston seals depending on installation of pads within system. Sensitivity to such variation in k c can be investigated using the model.
The proposed model is exercised by varying the stiffness parameters by +/− 5% around the nominal stiffness used for the model correlation in Table 1 . The results of this sensitivity analysis are reported in terms of the percent change in due to an increase in a certain stiffness parameter. The results in Table 2 suggest that a larger A ab is more sensitive to changes in k p , while a smaller A ab is more sensitive to changes in k c . This sensitivity also is important to understand potential effects at different braking conditions, specifically if k c or k p are dependent on . Furthermore, as can be seen from equation (10), decreases in µ or R will also proportionally reduce . Radial disc-pad contact modifications are not explored in this study, but can be represented as modifications to the value of R used in the model. A change in R may also change the interfacial loading within the brake caliper system; and therefore, the effect on k c should also be investigated. This model assumes constant values for R and µ; however, in the case of corrosion or severe thermal conditions, µ and R may also become a function of time or angular position similar to ξ.
Although not reported in this paper, this model can also be used to investigate asymmetric variation of dimensions within the caliper; however, there are many different combinations possible that can yield either increases or decreases in . Caution should be exercised in arbitrarily varying parameters in such a model, as they may often lead to designs that have detrimental effects on other aspects of brake performance, such as wear, thermal management, and brake noise.
CONCLUSION
The chief contribution is a proposed simplified half-caliper elasto-kinematic model that incorporates leading and trailing stiffness elements on the disc and caliper sides of the pad to predict the generation of BTV in the presence of DTV. This model and the associated study demonstrate how different caliper designs with the same compressive stiffness attributes can produce different levels of BTV. The cases in this study suggest that a more compact leading-to-trailing disc-pad contact interface can reduce BTV with minimal impact on caliper compliance. Although the proposed model qualitatively agrees with the experimental findings, extension to a predictive model for other brake designs will require significant effort. Additional elastic elements at the contact interfaces may improve the model as the complexity in disc surface profile increases due to the presence of higher orders, such as those observed during hot judder. The proposed formulation can be extended to a full caliper with inclusion of separate inboard and outboard contact dimensions and stiffness elements. Thermal and wear effects on the model parameters should also be investigated. Influence of the caliper bracket supports, such as guide pins or bushings, displacements due to disc or bearing deflection, different pad abutment designs, and functional spring components should also be considered in an extension to this formulation. This simplified model does not address brake pressure variation, and in order to adequately address this, a model with a mechanically coupled hydraulic system is required.
It should be noted that the proposed elasto-kinematic theory has been validated on a simple laboratory test stand, which removes many of the inherent complexities of a vehicle system, such as phasing among the dynamics of the brake corners. The proposed disc-pad modifications must still be experimentally validated in vehicle tests. Nevertheless, concepts in this paper should lead to more refined measurements in both laboratory and vehicle tests.
